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The strength of unidirectional carbon-fibre epoxy laminates has been measured for combined 
compression and shear loading. Failure was by plastic microbuckling. The axial compressive 
strength decreased linearly to zero as the shear stress parallel to the fibres was increased from zero 
to the shear strength. These experimental results support the predictions of Budiansky and Fleck 
and suggest an average fibre misalignment angle of 2~ ~ 

1, I n t r o d u c t i o n  
A dominant failure mechanism of long-fibre polymeric 
matrix composites is microbuckling [1-10]. Micro- 
buckling is a plastic shear instability, and occurs by 
the rotation of initially misaligned fibres within a well- 
defined band. Recent work by Budiansky and Fleck 
[5, 6] has shown theoretically that remote shear stres- 
ses activate yield within the mierobuckle band and 
greatly reduce the compressive strength of the uni- 
directional composite. The purpose of the present 
study was to validate these predictions by measuring 
the compressive strength of pultruded carbon 
fibre-epoxy tubes under combined compression and 
torsion. 

2. Theory 
Unidirectional fibre composites fail in compression by 
a number of mechanisms [9, 11], including (i) matrix 
failure, (ii) fibre crushing, (iii) splitting from one end of 
the specimen, (iv) surface delamination driven by elas- 
tic buckling of a surface-debonded layer, (v) elastic 
microbuckling, and (vi) plastic microbuckling. Plastic 
microbuckling appears to be the dominant compres- 
sive failure mechanism for undamaged carbon 
fibre-epoxy composites. 

Argon [1] and Budiansky [10] argue that plastic 
microbuckling is controlled by the shear yield 
strength, Zy, of the matrix and the initial misalignment 
angle, 2, of the fibres, as defined in Fig. 1. It is assumed 
that the composite has a rigid-perfectly plastic shear 
response, and the fibres are taken to be inextensional. 
They show that the compressive strength, ac, for 
microbuckling in a band oriented transverse to the 
fibre direction (band orientation 13 = 0 in Fig. 1) is 

"~y 
eye - -- (1) r 

More recent calculations by Fleck et al. [12] show 
that the bending stiffness of the fibre is sufficiently 
small to provide negligible enhancement to the com- 
pressive strength. Thus, a kinking analysis suffices for 
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most practical cases, and we may ignore the role of 
fibre bending. 

Microbuckle bands are typically oriented at a finite 
angle, [3, in the range 10~ ~ where [3 is shown in 
Fig. 1. When [3 is finite, rotation of fibres within the 
microbuckle band involves both shear and transverse 
straining. In order to predict the compressive strength 
for finite [3, a multi-axial yield surface is needed. 
Budiansky [10] assumed that the composite is en- 
dowed with a quadratic yield surface, of transverse 
yield stress, CyTy, and shear yield stress, Xy. 

The compressive strength of the composite is [10] 

cr~ = -~ (2) 

where ~* ~ Xy[1 + (CYTy/Xy) 2 tan213] 1/2. Typically, 
CrTy/Xy ~ 2, ~ ~ 20 ~ and ~* is slightly greater than Zy 
(i.e. z* ~ 1.2Zy). 

Fleck and Budiansky [5] have considered the 
microbuckling response of a rigid-perfectly plastic 
fibre composite subjected to both a remote compres- 
sive stress, cr ~, and a remote shear stress, ~o. The 
critical compressive stress is found to be 

~y* - -  Z ~ 
= $ (3) 

which suggests that the compressive strength is severe- 
ly knocked down by the presence of remote shear. 

Considerable strain hardening is exhibited by poly- 
mer matrix composites: in order to make use of the 
rigid-perfectly plastic assumption an arbitrary defini- 
tion for Xy is required. Budiansky and Fleck [6] have 
recently included strain hardening in their kinking 
analysis by adopting the Ramberg-Osgood relation in 
shear 

- + ( 4 )  
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The first term on the right-hand side of Equation 
4 represents the elastic contribution, and the second 
term represents the plastic contribution to the total 
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Figure 1 Idealized plastic microbuckle. The kink band is orientated 
at an angle 13. It is assumed that fibres in the kink band have an 
initial (uniform) misalignment, ~, and rotate an additional angle, qb, 
under the remote loading. 
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Figure 2 Deduction of Ramberg-Osgood parameters "or, yy and 
n from an experimental shear stress, r, versus shear strain, y, 
response for a unidirectional composite. 

shear strain, 7. The parameters "gy, 7y and n are de- 
duced from an experimental r versus 7 curve for the 
composite in the manner depicted in Fig. 2. The initial 
slope of the r -  7 curve defines the elastic shear modulus 
G - zy/Ty. A line of slope 0.7G and passing through 
the origin intersects the line r versus 7 curve at 
7 = 1 0 7 y / 7 ,  "c = "l~y; this procedure fixes ~/y and "I;y. 

Finally, the index n is deduced by fitting Equation 4 to 
the r versus 7 curve at 7 = 57y; this procedure gives 
almost the same value for n as a least squares curve fit. 

The kinking analysis of Budiansky and Fleck 1-6] 
suggests that the uniaxial compressive failure strength, 
crc, of a unidirectional composite in the absence of 
remote shear is, 

%=GEl+(~Wy)ZtanZ[3]/1 [3"~'/"[ - ~ ]"-'/" 

(5a) 

where 

,}/:te (3"TY tan213 (5b) y = 'yy l + \ T y  j 

In the limit of 13 = 0 ~ and a r ig id  perfectly plastic 
shear response (G7y --+ Ty, 7y --+ 0 and n ~ oo ), Equa- 
tion 5a and b reduce to Equation 1. 

No simple analytical expression can be derived for 
the combined compression-shear strength of a fibre 
composite obeying the Ramberg-Osgood relation in 
pure shear. Budiansky and Fleck [6] have derived 

implicit equations for the axial strength of a composite 
subjected to a fixed remote shear stress, ~| The axial 
stress, c~ ~, versus fibre rotation, 4,, response is given by 

cy ~ - 2~ ~ tan [3 

= ([1 + ((YTy/l :y)2tan2[3]4,  + 7~)1:e  --  1:~176 (6) 

(4, + ~b)w 

where the effective strain in the kink band, 7e is related 
to the fibre rotation, 4,, in the band, and the remote 
shear strain, 7 ~~ by 

7~ 2 = [l+(CrTy/ry)2tan21314,2+24,7~+(7~) 2 (7) 

The effective shear stress, ~e, in the kink band is related 
to 7e via the Ramberg-Osgood Equation 4, but with 
(~, 7) replaced by (~e, Ye). For a fixed value of ~ ,  the 
collapse response is obtained by calculating the re- 
mote stress, 6~, as a function of 4, via Equations 4, 
6 and 7; the compressive strength is given by the 
maximum value attained by c~ ~176 

3. Compression-torsion tests 
3.1. Specimen preparation 
Compression-torsion tests were performed on pul- 
truded carbon fibrempoxy tubes (supplied by Fibre- 
force Composites Ltd, Fairoak Lane, Runcorn, 
Cheshire, UK), consisting of EXAS HSI carbon fibres 
in DX 6002 epoxy matrix. The fibres, of volume frac- 
tion 65%, were aligned parallel to the axis of the tube. 

The tubes were of outside diameter 25.5 mm and 
wall thickness 3.4 ram; they were cut to a specimen 
length of 160 mm, and mounted on a tapered mandrel 
to allow the outside diameter to be ground concentri- 
cally to the bore. Specimens were ground to the wais- 
ted profile shown in Fig. 3, in order to ensure failure 
within the guage section. Finally, each specimen was 
mounted on a lathe and the ends turned down to 
ensure that the end faces were perpendicular to the 
specimen axis. 

3.2. Test method 
Tests were performe& on a tension-torsion servo- 
hydraulic machine. The specimen was gripped by split 
collar grips, and a mandrel was inserted into the bore 
of each specimen during testing to minimize bending. 
(The mandrel was split at mid-length and the two 
halves were held 5 mm apart in the centre of the gauge 
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Figure 3 Compression-torsion specimen geometry. 
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section by a foam insert. Thus the specimen was un- 
supported over a length of 5 mm, which is sufficiently 
short to obviate macro-buckling.) 

In order to monitor bending of the specimen asso- 
ciated with grip misalignment, four axial strain gauges 
were glued to each specimen. The gauges were equally 
spaced around the circumference of specimen and 
were placed at mid-length. The degree of bending was 
measured using small axial and torsional pre-loading, 
and was reduced to a negligible level by placing thin 
shims between the mating faces of the lower grip 
flange and the test machine. 

Compression tests were performed on the tubes at 
a constant displacement rate of 0.017 mm s-a; torsion 
tests were performed at an angular displacement rate 
of 1.7 x 10-3 rad s-  1. Combined compression-torsion 
tests were performed by applying a fixed torque and 
then by increasing the axial displacement until the 
specimen failed. The specimens were sufficiently thin 
for an applied torque to give a uniform shear stress 
across the gauge section. 

4. Resu l t s  
Under pure torsion, the tubes failed at �9 = 77 MPa 
and Y = 8.3%; the failure mechanism was splitting 
parallel to the fibre direction as shown in Fig. 4. 
Under pure compression, and combined compres- 
sion-torsion, failure was by plastic microbuckling. 

Three to six tests were performed for each pre- 
scribed value of shear stress, ~ ,  and the average 
compressive strengths, ~c, are shown in Fig. 5 as 
a function of z ~~ The compressive strength, ~c, 
decreases linearly with increasing I ~ l, until failure 
occurs by shear when ~ equals the shear strength of 
the composite. Microbuckling occurs in the compres- 
sion-torsion tests by the development of a single 
microbuckled band on a helix around the waisted 
gauge section. The microbuckle was arrested after 
propagating around one circumference of the tube by 
the formation of an axial split between the start and 
end of the microbuckle. The helix angle, ]3, was found 
to be 10 ~ to 15 ~ for ~oo > 0, and - 10 ~ to - 15 ~ for 
~o < 0, as shown in Fig. 6. 
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Figure5 Variation of axial compressive strength of tubular 
specimens with applied remote shear stress. (a) The rigid-perfectly 
plastic theory is given by Equation 3; ( --)  theory, ~ = 2.0 ~ (b) 
The strain-hardening theory is given by Equations 6 and 7; ( - - )  
theory, ~ = 1.8 ~ (x )  Splitting failure, (O)  kinking failure. 
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Figure 6 Effect of applied remote shear stress upon inclination, 13, of 
kink band. 

Figure 4 Electron micrograph of surface of tube tested in torsion 
alone, showing interfacial splitting behaviour. The fibres are aligned 
with the axis of the tube. 
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Figure 7 Comparison of ( - -  ) Ramberg-Osgood character- 
ization (ct = 3/7, n = 5.6, G = 5.12 GPa, ~y = 50.5 MPa) experi- 
mental in-plane shear stress-strain data for the Carbon/Epoxy tube 
material. 



The shear stress versus shear strain data necessary 
to determine the Ramberg-Osgood parameters for the 
carbon-epoxy material were obtained from a torsion 
test on the pultruded tubes. The shear strain was 
measured by strain gauges on the specimen, and the 
z-q, response is given in Fig. 7. 

5. Comparison of measured strength 
with predictions of the rigid-perfectly 
plastic theory 

In order to compare the predictions of the microbuck- 
ling theory for a rigid-perfectly plastic solid with the 
measured compressive strengths, we need to define 
a representative shear yield stress, xy, from the ~-7 
curve. We take arbitrarily ry to be that defined by the 
Ramberg-Osgood characterization; thus zy = 50.5 
MPa and 13 = 15 ~ and CrTy/Zy is estimated to equal 2. 
Further, we assume ~ = 2.0 ~ in order to produce the 
best fit to the experimental results (see Fig. 5a). This 
value for the waviness angle, ~, is in reasonable agree- 
ment with measured angles of ~ in fibre composites 
[9,13]. A longitudinal section of the carbon 
fibre-epoxy material is shown in Fig. 8. It is clear from 
the micrograph that a value for 0} of 2 ~ is reasonable. 

5.1. Comparison of measured strength with 
predictions for strain-hardening 
material 

The Ramberg-Osgood curve fit to the shear ~-7 is 
added to Fig. 7. A satisfactory fit is achieved by taking 
Zy = 50.5 MPa, 7y = 0.99% (G - ry/Ty = 5.12 GPa) 
and n = 5.6. These values are substituted into Equa- 
tions 6 and 7 and the resulting predictions of the 
microbuckling theory are compared with the meas- 
ured compression-torsion data in Fig. 5b. Good 
agreement is achieved by assuming ~ = 1.8 ~ This 
inferred value for d} is comparable to that for the 
rigid-perfectly plastic composite (~ = 2.0 ~ ). 

6. Prediction of compressive strength 
for other composites 

Table I gives the Ramberg-Osgood parameters for the 
shear response of several composite systems, together 
with compressive strength data in the absence of 
remote shear. The data have been either measured in 
the authors' laboratory or have been taken from the 
literature. Typically, the shear response is measured 
by performing tensile tests on ___ 45 ~ laminates; 
uniaxial compressive strengths were determined from 
modified Celanese tests. Equations 5a and b were used 
to infer a fibre misalignment angle, ~, for each 
composite, assuming 13 = 20 ~ and CrTy/Z r = 2 through- 
out. The misalignment angle, ~, is greatest for 
carbon-carbon composite (~ = 3.1 ~ and is least for 
carbon fibres in epoxy or in PEEK (~ ~ 2.5~ The fact 
that d} decreases with increasing test temperature for 
AS4 carbon f ibre-PEEK supports the notion that 
waviness is due to shrinkage during cool-down after 
consolidation. 

Figure 8 Polished section of carbon-epoxy tube, showing fibre 
arrangement. 

7. Conclusions 
Carbon fibre/epoxy tubes under combined axial com- 
pression and torsion fail by plastic microbuckling. 
Microbuckles form helically around the tube at an 
inclination 13 = 10~ ~ to the transverse direction. 

TAB LE I Ramberg-Osgood parameters and compressive failure strengths for various composite materials 

Material G (GPa) Ty (MPa) 7y (%) 7* (%) n ~0 (MPa) $ (deg) 

AS4/PEEK 5.v5 46.4 0.85 0.69 4.7 1109 2.79 

Carbon fibre/epoxy 5.12 50.5 0.99 0.80 5.6 1302 2.22 
tube material 

Part-cured T800/924c 5.67 41.9 0.74 0.60 I0.3 734 3.70 

T800/924c 6.78 62.5 0.92 0.75 3.5 1615 2.78 

AS4/PEEK" 

T = 23 ~ 5.52 4t.3 0.75 0.60 4.6 1109 2.49 
T = 77 ~ 5.85 30.2 0.52 0.42 4.5 1070 2.02 
T = 132 ~ 3.04 16.0 0.53 0.43 3.4 790 1.41 

Carbon-carbon b 2.24 2.1 0.09 0.08 2.9 140 3.10 

The shear stress-strain data for AS4/PEEK at various temperatures are taken from [14]. The elevated temperature compression tests were 
performed by the authors. 
bData from [7J, 
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The value for [3 is independent of the magnitude of the 
imposed shear stress, ~o~. 

We found that the axial compressive strength 
decreases in a linear manner with increasing applied 
shear stress. The rigid-perfectly plastic theory, Equa- 
tion 3, fits the data well for an assumed fibre mis- 
alignment angle $ = 2.0 ~ A more sophisticated 
strain-hardening theory (Equations 6 and 7) is accu- 
rate for ~ = 1.8 ~ Both values of ~ are within the range 
of independent measurements of 9, given, for example, 
by Yurgatis [13]. Finally, we list Ramberg-Osgood 
parameters for in-plane shear of a large number of 
unidirectional composites. 
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